Introduction
The Gronwall-type integral inequalities provide necessary tools in the study of the theory of differential equations, integral equations, and inequalities of various types. Some such inequalities can be found in the works of Agarwal, Deng et al. [1] . The result has been used in the study of global existence of solutions of a retarded differential equations and estimation of solution of function differential equation, Cheung [2] . The result has been used in the study of certain initial boundary value problem for hyperbolic partial differential equations, Cheung and Ma [3] . The result has been used in the study of global existence of solutions for a partial differential equations, Pachpatte [4] [5] [6] [7] [8] [9] . The results have been applied in the study of certain properties of solutions for the integrodifferential equations, partial integrodifferential equations, retarded Volterra-Fredholm integral equations, retarded nonself-adjoint hyperbolic partial differential equations, Ye et al. [10] . The result has been used in the study of the Riemann-Liouville fractional integral equations, Zhao and Meng [11] . The result has been used in the study of integral equations. During the past few years, several authors (see [12] [13] [14] [15] [16] [17] [18] [19] and some of the references cited therein) have established many other very useful Gronwall-like integral inequalities. Recently, in [16] a new interesting Gronwall-like integral inequality involving iterated integrals has been established. 
The main aim of the present paper is to establish some nonlinear retarded inequalities, which extend the above theorem and other results appeared in [16] . We will also illustrate the usefulness of our results.
Gronwall-type inequalities
First we introduce some notation, R denotes the set of real numbers and 
where
, r ≥ r 0 > 0, (2.3)
Proof. Let us first assume that a(t) > 0. Fix T ∈ (α,β]. For α ≤ t ≤ T, we obtain from (2.1)
Now we introduce the functions
. Moreover the function m 1 (t) is nondecreasing. Differentiating m 1 (t), we get
Thus, induction with respect to k gives
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From the definition of the function m n (t) and inequality (2.7), we have
That is,
(2.9)
Taking t = s in (2.9) and then integrating it from α to any t ∈ [α,β], changing the variable and using the definition of the function G, we find
) and the last inequality gives the required inequality in (2.2) for T = t. If a(t) = 0, we replace a(t) by some ε > 0 and subsequently let ε→0. This completes the proof.
For the special case g(u) = u p (p > 0 is a constant), Theorem 2.1 gives the following retarded integral inequality for iterated integrals.
Corollary 2.2. Let u(t), a(t), f i (t,s), φ(t), and ϕ(u) be as in Theorem 2.1. And let
1 denotes the inverse function of G 1 , and u and g(u) = u, form Theorem 2.1, we derive the following retarded integral inequality:
(ii) When ϕ(u) = u, in Theorem 2.1, we obtain the following retarded integral inequality: 
Now we introduce the following notation. For α < β, 
denotes the inverse function of G, and
21)
for any t ∈ I.
Proof. Let the function a(t) be positive. Define a function v(t) by the right side of (2.18). Clearly, v(t) is nondecreasing continuous, u(t) ≤ ϕ −1 (v(t)) for t ∈ I and v(α) = a(α). Differentiating v(t) and rewriting, we have
(2.23)
Now differentiating v 1 (t) and rewriting, we get Continuing in this way, we obtain From the definition of v n−1 (t) and the inequality u(t) ≤ ϕ −1 (v(t)), we find
Integrating the inequality (2.28), we get
Now integrating by parts the left-hand side of (2.29), we obtain
.
(2.30)
From the inequalities (2.29) and (2.30), we have
Next from the inequality (2.26), we observe that
Thus, it follows that
Using the same procedure from (2.29) to (2.31) to the inequality (2.33), we get 
Proceeding in this way we arrive at
On the other hand, from the inequality (2.22), we have
. (2.39)
Setting t = t 1 and integrating from α to t, and using the definition of G, we obtain
Consequently, using (2.36) to the inequality (2.40), we get
where the function F(t) is defined in (2.21). Now, the desired inequality in (2.24) follows by the inequality u(t) ≤ ϕ −1 (v(t)). If a(t) = 0, we replace a(t) by some ε > 0 and subsequently let ε→0. This completes the proof.
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Corollary 2.5. Let u(t), a(t), p i (t), φ(t), and g(u) be as in Theorem 2.4. And let
2 denotes the inverse function of G 2 , and
Proof. Let the function a(t) be positive. Define a function w(t) by the right side of (2.45). Clearly, w(t) is a nondecreasing continuous function, u(t) ≤ ϕ −1 (w(t)) for t ∈ I and w(α) = a(α). Differentiating w(t) and rewriting, we have
(2.50)
Now differentiating v 1 (t) and rewriting, we get Continuing in this way, we obtain 
